We use the generalized zeta function regularization method to compute the one-loop quantum correction to the masses of the TK1 and TK2 kinks in a deformation of the O(N ) linear sigma model on the real line.
Introduction
In this paper we shall apply the generalized zeta function regularization method to unveil the semiclassical behaviour of the quantum topological kinks arising as BPS states in multi-component scalar (1+1)-dimensional field theory. The interest of this investigation lies in the fact that these systems live at the heart of the low energy regime of string/M theory. Effective theories such as N =1 SUSY QCD and/or the Wess-Zumino model [1] encompass N-component scalar fields and have a discrete set of vacuum states. From a one-dimensional perspective one can foresee the existence of k-component topological kinks, k ≤ N, which are the seeds of the BPS domain walls. These extended states play such a prominent rôle in the three-dimensional world that analysis of the quantum behaviour of k-component topological kinks becomes an important issue.
Here, we shall focus on a one-parametric family of deformations of the O(N) linear sigma model, in (1+1)-dimensional space-time. The model to be addressed forms the bosonic sector of a super-symmetric theory with N real super-fields and is of the general type of the Wess-Zumino model, like those studied in [1] and [2] . An important feature common to all these models is the non-existence of continuous symmetries in internal space and they can therefore be included in the class of systems considered in Reference [3] . The authors of these works use continuous phase-shift methods to calculate the one-loop correction to the kink energy in full super-symmetric theories.
Our approach differs in two ways: 1) we restrict ourselves to the bosonic sector and leave the fermionic fluctuations for future research; 2) the generalized zeta function regularization procedure is applied to deal with the infinite quantities arising in the quantization prescription. This method has been used previously in the description of quantum corrections to kink masses for theories with a single real scalar field, see [4] , but here we shall follow the more elaborated procedure developed in [5] and [6] for one-component systems. Nevertheless, our method is particularly suited to models with several real fields because in general, in theories of this type, the spectrum of the second order fluctuation operator around kink solutions is only partially (asymptotically) known. Since this operator is a Schrödinger operator acting on functions belonging to the Hilbert space L 2 (R) ⊗ C N , one can write an associated heat equation. From the asymptotic expansion to the heat function one obtains enough information about the generalized zeta function of the second fluctuation operator [7] to provide a good approximation to the one-loop correction to the kink mass. Asymptotic methods to compute the mass of quantum solitons were first used in Reference [8] .
Within a given range of the deformation parameter, the modified O(2) linear sigma model that we shall consider is the celebrated Montonen-Sarker-Trullinger-Bishop ( MSTB ) model [9] . Over the years, several kinds of kink solitary waves with very noticeable properties have been discovered in this system , [10] . The kink moduli space of the N ≥ 3 generalizations of the MSTB model has been described in [11] , whereas more recently the stability of the different kinds of kink was established in [12] . Therefore, computation of the semi-classical mass of the stable topological kinks with one non-null component, TK1 , or two non-null components, TK2, is compelling. To achieve this task, which is the main goal of this paper, the zeta function regularization method is specially appropriate , because of the impossibility of solving the spectral problem of the second order fluctuation operator.
The organization of the paper is as follows: In Section §.2 the general semi-classical formula for the mass of quantum solitons, the zeta function regularization procedure, and the zero point energy and mass renormalization prescriptions are explained. In Section §.3 we compute the one-loop quantum corrections to the masses of topological kinks with one and two non-null components in the MSTB model. In Section §.4 similar formulas are given in the deformation of the linear O(N) sigma model, with N ≥ 3, that generalizes the MSTB model. Finally, Section §.5 offers some comments on possible extensions of our results.
2 Semi-classical mass formula for k-component quantum topological kinks N-component scalar fields are maps from the R 1,1 Minkowski space-time to the R N "internal" space:
Here, y µ , µ = 0, 1, are coordinates in R 1,1 ; ∂ µ = ∂ ∂y µ is a basis in T R 1,1 , and e a , a = 1, 2, · · · , N, are ortho-normal vectors in R N , e a · e b = δ ab . We shall consider (1+1)-dimensional field theories whose classical dynamics is governed by the action
We choose the metric tensor in T 2 (R 1,1 ) as g = diag (1, −1) and the Einstein convention will be used throughout the paper only for the indices in R 1,1 . The system of units -identical to that chosen in [5] -is such that only the speed of light is set to c = 1. The classical configuration space C is formed by the static configurations ψ(y) -we denote the spatial coordinate as y 1 = y -for which the energy functional
is finite: C = { ψ(y) / E( ψ) < +∞}. In the Schrödinger picture, the quantum evolution is ruled by the Schrödinger functional equation
If ψ V is a constant minimum of U, the masses of the fundamental quanta are: v 2
The quantum Hamiltonian operator
acts on wave functionals Ψ[ ψ(y), t] that belong to L 2 (C). A straightforward generalization of the arguments and definitions of the Section §.2 of [5]following the classical papers [13] , [14] -shows that the kink ground state energy at the semiclassical limit is:
Here K is the second variation operator, with spectral equation K ξ n (x) = ω 2 n ξ n (x), and
is the associated generalized zeta function; P is the projector to the strictly positive part of Spec K.
In this case, however, K is a N × N "matrix" differential operator with "matrix elements"
, a, b = 1, 2, · · · , N .
Generalized zeta function regularization method
We shall regularize ζ P K (− 1 2 ) by defining the analogous quantity ζ P K (s) at some point in the complex s-plane where ζ P K (s) does not have a pole. ζ P K (s) is a meromorphic function of s such that its residues and poles can be derived through heat kernel methods, see [7] . If K K (y, z; β) is the kernel of the N × N "matrix" heat equation associated to K,
the Mellin transformation tells us that
is the heat function h P K [β], if K is positive semi-definite and dimKerK = j. The "regularized" kink energy is at the semi-classical limit:
where µ is a unit of length −1 introduced to render the terms in (3) homogeneous from a dimensional point of view. The infiniteness of the bare quantum energy shows itself here in the pole that the zeta function develops for s = − 1 2 . The renormalization of E K 0 (s) will be performed in the same three steps as in [5] : A. The quantum fluctuations around the vacuum are governed by the Schrödinger operator:
a δ ab is the matrix of second variational derivatives of U at ψ V . The kernel of the heat equation
and, through the Mellin transformation, we obtain
The regularized kink energy measured with respect to the regularized vacuum energy is thus
B. If we now pass to the physical limit E K = lim s→− 1 2 E K (s), we still obtain an infinite result. The reason for this is that the physical parameters of the theory have not been renormalized. It is well known that in (1+1)-dimensional scalar field theory normal ordering takes care of all renormalizations in the system: the only ultraviolet divergences that occur in perturbation theory come from graphs that contain a closed loop consisting of a single internal line, [15] . From Wick's theorem, adapted to contractions of two fields at the same point in space-time, we see that normal ordering adds to the Hamiltonian the mass renormalization counter-terms H(δm 2 ) = − 2 dy N a=1 δm 2 aa :
up to one-loop order. To regularize
, we first put the system in a 1D box of length L so that δm 2 aa = 1 2L ζ Vaa ( 1 2 ), if the constant eigen-function of V aa is not included in ζ Vaa . Then, we again use the zeta function regularization method and define: δm 2
. Note that δm 2 aa = lim s→− 1 2 δm 2 aa (s). The criterion behind this regularization prescription is the vanishing tadpole condition, which is shown in Appendix B of Reference [6] to be equivalent to the heat kernel subtraction scheme.
The one-loop correction to the kink energy due to H(δm 2 (s)) is thus
because the expectation values of normal ordered operators in coherent states are the corresponding c-number-valued functions. C. Finally, the renormalized kink energy is :
Asymptotic approximation to semi-classical kink masses
In general it is very difficult to compute h PK [β] exactly. In such a case, we shall make use of the asymptotic expansion of h PK [β], which is well defined if 0 < β < 1. In order to use the asymptotic expansion of the generalized zeta function of the K operator to compute the semi-classical expansion of the corresponding quantum kink mass, it is convenient to use nondimensional variables. We define non-dimensional space-time coordinates x µ = m d y µ and field
. The action and the energy can now be written in terms of their non-dimensional counterparts:
The important point is that the Hessians at the vacuum and kink configurations can always be written as the N × N matrix differential operatorsV = 1 m 2
The asymptotic expansion of N × N matrix heat kernels is given in Reference [16] . Nevertheless, we shall sketch this procedure in order to adapt it to our computational needs. We thus write the heat kernel in the form
is the solution of the heat kernel equation for theV operator with the initial condition [KV] ab (x, x ′ ; 0) = δ ab δ(x−x ′ ). The matrix elements of the N ×N matrix-valued function A(x, x ′ ; β) satisfy the system of N 2 coupled PDE:
whereas
For β < 1, we solve (6) by means of an asymptotic (high-temperature) expansion:
In this regime the heat function is given by:
The coefficients [a n ] ab (x, x ′ ) can be found by means of an iterative procedure that starts from [a 0 ] ab (x, x ′ ) = δ ab and becomes more and more involved with larger and larger N. In the Appendix, this procedure is explained and the explicit expressions for the lower orders are shown. The use of the power expansion of h PK [β] = Tre −β PK in the formula for the quantum kink mass is developed in three steps:
1. First, we write the generalized zeta function ofV in the form:
being respectively the upper and lower incomplete gamma functions, see [17] . It follows that ζV(s) is a meromorphic function of s with poles at the poles of γ[s − 1 2 ,v 2 a ], which occur when s − 1 2 is a negative integer or zero. BV (s), however, is an entire function of s. 2. Second, from the asymptotic expansion of h PK [β] we estimate the generalized zeta function ofK:
is an entire function of s. The values of s where s + n − 1 2 is a negative integer or zero are the poles of ζ PK (s) because the poles of γ[s + n − 1 2 ,v 2 a ] lie at these points in the complex s-plane. Renormalization of the zero point energy requires the subtraction of ζV(s) from ζ PK (s). We find:
, and the error in this approximation with respect to the exact result to ∆ 1 ε K is:
Note that the subtraction of ζV(s) exactly cancels the contribution of a 0 (K) and hence the divergence arising at s = − 1 2 , n = 0. 3. Third, ∆ 1 ε K now reads :
The surplus in energy due to the mass renormalization counter-term is:
and the deviation from the exact result is :
Therefore,
The contributions proportional to [a 1 ] aa (K) of the poles at s = − 1 2 in ∆ 1 ε K (s) and ∆ 2 ε K (s) exactly cancel.
We thus obtain the very compact formula:
In summ: there are only two contributions to semi-classical kink masses obtained by means of the asymptotic method: 1) m d ∆ 0 is due to the subtraction of the zero modes; 2) m d D n 0 comes from the partial sum of the asymptotic series up to the n 0 order. We stress that the merit of the asymptotic method lies in the fact that there is no need to solve the spectral problem of K: all the information is encoded in the potential V (x).
The MSTB model: a deformed O(2) linear sigma system
Let us consider now a N = 2 model determined by the potential energy density, [9] :
The system is a generalization of the λ(φ 4 ) 2 model to a N = 2 scalar field, the O(2)-linear sigma model, although it has been deformed by a quadratic term in ψ 2 in order to avoid the Goldstone boson. The deformation parameter α has dimensions of inverse length, [α] = L −1 , and the choice of non-dimensional variables in the so called MSTB model comes from the choice of
σ 2 is the non-dimensional parameter that measures the deformation and we shall also use the
internal" symmetry group is the Z 2 × Z 2 group of discrete transformations:
The vacuum classical configurations are:
Therefore, if we denote by • Topological kinks with one non-null component:
• Topological kinks with two non-null components:
Note that there are two two-component topological kinks , which only exist if 0 < σ 2 < 1.
The kink and vacuum solutions have classical energies:
] and we shall see that the TK1 kink, as a quantum state, is unstable if σ 2 < 1. The lower bound in energy in the topological sector of the configuration space is attained, however, by the TK2 kink.
The Hessian operator for the vacuum solution is:
and hence the masses of the fundamental quanta are v 2 1 = 2m 2 = m 2 2v 2 1 and v 2 2 = α 2 2 = m 2 2v 2 2 , in such a way that the H (2) I symmetry is spontaneously broken. The Hessian operators for the topological kinks read:
. Note thatK has a negative eigenvalue if σ 2 < 1, as it should be for a unstable solution. 
The quantum TK1 kink: exact computation of the semi-classical mass
• Generalized zeta function ofV: Acting on the L 2 (R) ⊗ C 2 Hilbert space, we have that
whereas the spectral density over a large interval of length L is :
¿From these data, the heat and generalized zeta functions can be readily computed :
.
• Generalized zeta function ofK In the case of the one-component topological kink, computation of the heat and generalized zeta functions is easy becauseK is diagonal. Moreover,K 11 andK 22 are respectively the Hessian operators for the λ(φ) 4 kink and the sine-Gordon soliton (in the second case shifted by σ 2 − 1). Therefore, we shall take advantage from the work performed in [5] . The spectrum of the Hessian operator for the TK1 kink is :
and the spectral density and the phase shifts for the continuous spectrum read :
respectively. Besides the continuous spectrum there are three bound states with eigenvalues 0, 3 and σ 2 − 1. The eigenfunction of 0 eigenvalue is the translational mode. There is a second bound state in the e 1 direction, but the third bound state points along the e 2 axis. Note that to develop a non-zero φ 2 component is energetically favorable if σ 2 < 1 and this process costs energy when σ 2 > 1 and the TK1 kink is stable. The second zero mode that occurs at σ 2 = 1 is the signal of this phase transition.
The heat function
is therefore equal to :
where Erf and Erfc, [17] , are respectively the error and complementary error functions. The Mellin transform provides the corresponding zeta function:
in terms of Gauss hypergeometric functions of the form 2 F 1 [a, b, c, d], [17] .
Applying these results we obtain :
which is still a divergent quantity. The mass renormalization counter-terms add another divergent quantity :
and we obtain:
It is appropriate to consider the contributions from K 11 and K 22 separately before taking this limit:
• From K 11 we obtain :
Here, γ E is the Euler gamma constant; ψ is the Psi(Digamma) function, and 2 F ′ 1 is the derivative of the Gauss hypergeometric function with respect to the second argument, [17] .
• From K 22 we obtain :
Gathering all this together, we finally find:
Note that ∆M TK1 (σ 2 ) = ∆ 1 ε K + ∆ 2 ε K acquires an imaginary part if σ 2 < 1 and in this latter regime the quantum TK1 kink becomes a resonance. Formula (10) shows one interesting pattern in the one-loop correction to the kink masses: First, the arguments of the logarithms are always quotients of the eigenvalue where the continuous spectrum starts by the energy of the bound eigen-state. Second, the fourth argument of the derivatives of the Gauss hypergeometric functions is always minus the inverse of the bound -state eigenvalues.
3.2
The quantum topological kinks: asymptotic expansions
The difficulty in computing the quantum correction to the mass of the TK2 kink lies in the fact that theH Hessian operator at this configuration is a Schrödinger operator for which the 2 × 2 matrix-valued potentialV (x) is non-diagonal. Therefore, the spectral problem ofH is very difficult to solve and we are led to use asymptotic methods to calculate the quantum TK2 kink mass. In the MSTB model there are two regimes:
1. σ 2 < 1: The TK2 kink exists and is stable. In this case we have that
is an odd function of x such that [a 1 ] 12 (H) = [a 1 ] 21 (H) = 0. Bearing in mind thatV 11 (x) = − 2(2+σ 2 ) cosh 2 σx andV 22 (x) = − 2(2−3σ 2 ) cosh 2 σx , we present the coefficients [a n ] aa (H) up to n 0 = 11 with the help of Mathematica in the Tables 1 and 2 for several values of σ: We also need to know that j = 1: there is only one translational zero mode in the spectrum of H, and thatv 2 1 = 4 ,v 2 2 = σ 2 . Plugging this information in the asymptotic formula (7) we obtain the values shown in Table 3 for ∆M TK2 .
2. σ > 1: The only solitary wave is the TK1 kink, which is stable. To determine the quantum TK1 kink mass by using the asymptotic method, the general formulas must be applied tō K. Now,V 12 (x) =V 21 (x) = 0 and trivially [a 1 ] 12 (K) = [a n ] 21 (K) = 0. The [a n ] aa (K) must be read from the formulas in the Appendix applied toV 11 (x) = − 6 cosh 2 σx andV 22 (x) = − 2 cosh 2 σx , and are shown in Table 2 up to n 0 = 11. Table 3 
: One-loop corrections to the mass of topological kinks
Note that in this case the coefficients of the asymptotic expansion of the generalized zeta function ofK are independent of σ. Nevertheless, the quantum correction to the TK1 kink mass depends on σ through the factors
. Again j = 1: there is only one translational zero mode in the spectrum of K, andv 2 1 = 4 ,v 2 2 = σ 2 . Application of formula (7) provides the values of ∆M TK1 , also shown in Table 3 for several values of σ.
We summarize the results obtained in this Section in the next Figure, where ∆M K is depicted as a function of σ. It is understood that for σ > 1 we plot ∆M TK1 and for 0 < σ < 1 ∆M TK2 is represented. The continuous line shows the exact value of ∆M TK1 as a function of σ, whereas the dots correspond to the answer provided by the asymptotic method to ∆M TK1 , (whites ), and ∆M TK2 , (blacks ), for several values of σ.
We observe the following facts:
• In the σ ≥ 1.2 range, the approximation established by the asymptotic method is extremely good : the discrepancy with the exact answer is compatible with zero.
• In the 1 < σ < 1.2 interval the error is larger and can be estimated exactly in terms of BK * (− 1 2 ), b n 0 ,K (− 1 2 ), BV(− 1 2 ) and BV a ( 1 2 ). The closer the value of σ to 1, the smaller the first eigenvalue in the spectrum ofK * and the larger BK * (− 1 2 ). The asymptotic method is better when fluctuations in the φ 2 direction of the TK1 kink cost more energy. • The point σ = 1, where the error is maximum, is singular. There is a second zero eigenvalue which is the signal for an instability-type phase transition on the TK1 kink. The co-existing unstable TK1 and stable TK2 kinks for σ < 1 coalesce to a single TK1 kink at σ = 1, which becomes stable for σ > 1.
• In the 0 < σ < 1 regime there is no way of estimating the error in the approximation to ∆M TK2 obtained by means of asymptotic methods because the exact value is not known. We expect, however, that the result will be better for smaller values of σ because of the same qualitative argument as above: the cost in energy for climbing from the TK2 to the TK1 kink is larger with smaller σ.
• The value σ 2 = 4 is a very special one. In this case the system is N = 2 pre-supersymmetric in the sense that there exists a super-potential :
where
This is no more than the super-potential of the holomorphic Wess-Zumino model,
see [18] , and we have thus calculated the quantum correction to the kink in this important system.
Quantum kinks in a deformed O(N) linear sigma model
Let us finally consider an O(N), N ≥ 3 model determined by the potential energy density:
which generalizes the system discussed in Sect. 3. Without loss of generality, the deformation parameters are chosen in such a way that α 2 < α 3 < . . . < α N . Passing to non-dimensional variables, the potential is:Ū
The "internal" symmetry group is (Z 2 ) N ; the vacuum classical configurations are :
and the vacuum orbit and the vacuum moduli space are respectively:
There is a very rich manifold of kinks in this model, see [11] . We shall only study the onecomponent and two-component topological kinks, which are loop kinks and candidate stable solitary waves in this system:
• Topological kinks and antikinks with one non-null component:
• Topological kinks and anti-kinks with two non-null components. For each n from 2 to N such that σ n < 1, we have :
φ TK2σn (x, t) = ±[(tanhσ n x) e 1 ±σ n (sechσ n x) e n ],
whereσ n = 1 − σ 2 n .
The lower bound in energy in the topological sector of the configuration space is attained by the TK2σ 2 kink. If σ 2 > 1, only the TK1 kink exists and is stable. If σ j < 1 < σ j+1 , the kinks TK1, TK2σ 2 , . . ., TK2σ j exist, but only the TK2σ 2 is stable, see [12] .
The Hessian operators in non-dimensional variables are as follows:
• TK1:K = diag(K ll )
where the hat over an index means that this index is absent and rows and columns have been rearranged in such a way thatH These operators are direct sums of the Hessian operators used in Sect.3. We can therefore take advantage of the calculations already made to give the quantum corrections to the kinks of the present model.
The quantum TK1 kink: exact computation of the semi-classical mass
The relevant quantities are:
• Generalized zeta function ofV:
• Generalized zeta function of PK :
Applying these results, we obtain :
The mass renormalization counter-terms are : Therefore,
The TK1 kink is a bona fide quantum state only if σ 2 l > 1, ∀l ≥ 2.
Quantum masses of two-component topological kinks: asymptotic expansion
In the σ 2 2 < 1 regime only the TK2σ 2 kink is stable. In this sub-section, therefore, we shall present the calculation of the one-loop quantum correction to the TK2σ 2 kink mass. Since Tre −βH (2) = Tre −βH (2) ND + Tre −βH (2) D , we encounter two old friends: the heat functions arising respectively in connection with the TK2 kink in the MSTB model and the soliton of the sine-Gordon model. Using the information collected in previous Sections, we find:
• Casimir energy :
• Mass renormalization energy :
We finally obtain the answer:
In both formulas the contribution coming fromH (2) N D can be read from the information on the quantum correction to the TK2 kink mass in the MSTB model, collected in the Tables and the Figure of sub-Section §.3.2 . A similar formula would show us that ∆M TK2σ l , ∀l ≥ 2, receives an imaginary contribution any TK2σ l quantum kink state is therefore a resonance.
Further comments
The family of deformations that we have treated admits a N = 1 super-symmetric extension. The super-potentialW (φ) in the N = 2 case is:
For the special value σ = 2, this system also admits the super-potential mentioned at the end of sub-Section §3.2 because it becomes the Wess-Zumino model. If N ≥ 3, it is very difficult to write the super-potential in Cartesian coordinates in the R N internal space; nevertheless, passing to elliptic coordinates one obtains easy expressions for the super-potential, see [12] . The super-symmetric extensions also include Majorana spinor fields:
Choosing the Majorana representation γ 0 = σ 2 , γ 1 = iσ 1 , γ 5 = σ 3 of the Clifford algebra {γ µ , γ ν } = 2g µν and defining the Majorana adjoint χ = χ t γ 0 , the action of the super-symmetric model is:
The N = 1 super-symmetry transformation is generated on the space of classical configurations by the Hamiltonian spinor function :
The components of the Majorana spinorial charge Q close the super-symmetry algebra :
Their (anti)-Poisson bracket is given in (13) in terms of the momentum P µ and the topological central charge T = | dW | = | ∇W d φ| .
The chiral projections Q ± = 1±γ 5 2 Q and χ ± = 1±γ 5 2 χ provide a very special combination of the super-symmetric charges:
Q + + Q − is zero for the classical configurations that satisfy d φ dx = ∓ ∇W and χ ± = 0 which are thus classical BPS states. One immediately notices that our kinks are such BPS states and besides the small bosonic fluctuations one must take into account the small fermionic fluctuations around the kink in order to compute the quantum correction to the kink mass in the extended super-symmetric system. The fermionic fluctuations around the kink configuration lead to other solutions of the field equations if the N × N matrix Dirac equation
is satisfied. We multiply this equation for the adjoint of the Dirac operator :
and, due to the time-independence of the kink background, look for solutions of the form: δ F χ(x, t) = f F (x; ω)e iωt . This is tantamount to solving the spectral problem
Projecting onto the eigen-spinors of iγ 1 ,
we end with the spectral problem:
F (x; ω) = K f for the same Schrodinger operator that governs the bosonic fluctuations. Therefore, generalized zeta function methods can also be used in super-symmetric models to compute the quantum corrections to the mass of BPS kinks. Great care, however, is needed in choosing the boundary conditions on the fermionic fluctuations without spoiling super-symmetry. We look forward to extending this research in this direction. with the initial condition: A ab (x, x ′ ; 0) = δ ab . Plugging the power expansion of A ab (x, x ′ ; β) into this system of equations we find the recurrence relations: n[a n ] ab (x, x ′ ) + (x − x ′ ) ∂[a n ] ab ∂x (x, x ′ ) = ∂ 2 [a n−1 ] ab ∂x 2 (x, x ′ ) + N c=1V ac (x))[a n−1 ] cb (x, x ′ )
In order to take the x ′ → x limit properly, we introduce the notation:
Then, the recurrence relations in the x ′ = x limit become:
[a n ] ab (x, x) = 1 n (2) [A n−1 ] ab (x) + N c=1V ac (x)[a n−1 ] cb (x, x) + (v 2 b −v 2 a )[a n−1 ] ab (x, x)
We also need the secondary recurrence relations among the (k) [A n ] ab (x) derived from k-times differentiation of the primary recurrence relations above: 
We mention that, as happens in the scalar case [19] , the diagonal terms [a n ] aa (x, x) can be interpreted as the densities giving the infinite conserved charges of a matrix Korteweg-de Vries equation; namely :
∂V ∂t
where now the matrix potential evolves in "time" t,V =V (x, t). The reason is that (14) can be written as a Lax equation L t + [L, M] = 0 for the operators
with B(t) arbitrary. Therefore, standard arguments [20] guarantee that the time evolution ruled by (14) produces an uniparametric isospectral transformation of the Schödinger operator (15) . Because the integrals [a n ] aa are determined by the spectrum of (15), their invariance follows.
